AP Calculus AB - Differential Equations -
Worksheet Answer Key
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Every worked solution for the differential equations worksheet is below, with the constant
of integration, the initial condition and the final answer in bold. Compare each step with
your own work, not only the final result.

AP Calculus ABCommon Core: AP Calculus AB Unit 7

Problem 1: Verify an exponential solution

Differentiate: j—i =325 —felr.
Substitute: 2y = 2-3gdr =felr,

Both sides equal g2z, so v =3e47 is a solution.

Problem 2: Verify a polynomial solution

d—i:gg;, which matches the equation.

Initial condition: y(1)=124+4=5.

Both conditions hold.

Problem 3: Verify with a product of terms

d
ﬁ =—e— T4+,

2r—y=2z—(e~TH+2r—2)=—e"T41
The two sides agree, so the function is a solution.

Problem 4: Translate words into equations

a. jd—f:D.DBP
b. ﬁ:_km' with k>0 because ¥ decreases.
c. LL=k(T-70)

(a) 4£=0.03P; (b) T =—&/T; (c) TX=K(T—70).

AP Calculus AB Differential Equations - Worksheet Answer Key - Mathovore -
https://mathovore.fr/en/ap-calculus-ab-differential-equations-worksheet-answer-key - page 1/6



https://mathovore.fr/en/ap-calculus-ab-differential-equations-worksheet-answer-key

Problem 5: Slopes at points

a. 0—0=0

b. 1—0=1

c. 2—2=0

d. 1-2(—1)=3
e. —2—2(3)=—8

Slopes: 0, 1, 0, 3, —&.

Problem 6: Match a slope field

Along each vertical column the segments are parallel, so the slope does not depend on ¥. The
slope is zero on the ¥-axis (x=0), negative for r< 0 and positive for x>=0.

Only j—i:gp has these features.

dy

dr— T

Problem 7: Sketch and solve from a slope field
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The solution ¢ = ﬁfﬂ follows the segments.

a. The curve starts at (0,1}, rises more steeply as ¥ grows, and flattens toward 0 as = — —co
(see figure).
b. %dy:% dx, so Inly|=5+C and y=4.%/2. With y(0)=1, 4=1.

yzezfﬂ

Problem 8: Separable with a power
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dy=4z3dr, soy=x%+C.
y(11=14C =3, s0 & =12.
y=x%42

Problem 9: Exponential initial value problem

% dy=3dz, so ln|y|=3x+C and y= Ae3r,
y()=A4=5.
y =5ed7

Problem 10: Separable with a quotient

y dy=31s2dz, so ¥'=s3+C, that is y?=2a3+2C.
y(0)=2 gives 4 =2C, so y2=2x3+4.

Since y({0) =220, take the positive root.
y=v2r3+4

Problem 11: Separable with a product

%dyz,ﬂ: dx, SO 1n|y|=%2+{? and y= 4e%%/2,
y(0)=4=3.
yZBE“ﬂfZ

Problem 12: Solution with a restricted domain

yv—2dy=2xdz, so —%:$2+C.

'y([:'j:]. —1=C,so0 — = r2—]1 and y:ﬁ

Ly

The denominator is zero at x =41, so the interval is —1<z<1.

y=1—"7 on (—1,1)

Problem 13: Separable with an exponential

y2dy=eT dx, so %:gE-FG.
y(0)=1:1=14C, so C=—1.
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yd=3eF—3,
y=(3er—2)1/3

Problem 14: Exponential growth

P)=500e0.21,
P(5)=500el p4500(2.71828) = 1359.14 .

P(t)=500e021; P(5)~1359 cells

Problem 15: Exponential decay and time

yn = B0e—0.051,

Set 80e—0.051=40: ¢~0.051=1% so —0.05t=—In2.

About 13.86 years

Problem 16: Half-life

a. m=200eki and m(12)=100: el2k =1, so k=—122n —0.0578.
b. m(30)=200e—0.0577623-30 = 200-2—2-% a4 35.36 mg.

m

Each 12 years the mass is cut in half.

(@) krs—0.0578; (b) about 35.36 mg
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Problem 17: Doubling time

P =1000-2%/2.
P(20) =1000-22-2 n4 1000(5.65685 ) R4 5EET .

About 5,657 insects

Problem 18: Continuous compounding

A =2000g0.051,

A(10)=2000e05232000(1.648721) =3297.44.
\$3,297.44

Problem 19: Newton cooling

[

Let u=T-70. Then

1;‘Z—llil.lu, so u=1upe— 011 with up=190—70=120,

|2

T(t)=704120e—0.11,
T(10)=704+120e—1470+44.15=114.1 (rounded to the nearest tenth).
T =70+120e—011; T(10)ay114.1°F

Problem 20: Tangent line and concavity

a. Slope at (0,1): 04+1=1. Tangent line: ¥y =1+4z. Then S{0.2)rs1.2.
4
d%y —1+j_§:1+$+y, which equals 1+0+1=2>=0 at (0,1). The graph is concave up, so the

. E_
tangent line lies below it: the estimate is too small.

(a) 1.2; (b) 2, too small. (The exact value is f(0.2)=2e02-1.2/41.243)

Problem 21: Homogeneous-style separation

Lgy=1dz, solnly|=Ins+C and y = 4.
y(2)=24=6,s0 4=3.
y=23r

Problem 22: Draining tank

vy =—Llat, so WV =-34C.

AP Calculus AB Differential Equations - Worksheet Answer Key - Mathovore -
https://mathovore.fr/en/ap-calculus-ab-differential-equations-worksheet-answer-key - page 5/6



https://mathovore.fr/en/ap-calculus-ab-differential-equations-worksheet-answer-key

V(0)=100: 2:10=C, so C =20 and V¥ =10—3.

V(r):(m—%)g. It is empty when 1[2]—}}:[], So £ =40.

%4
(0, 100)

The tank is empty at + = 4.

V:(lﬂ—%)g; empty after 40 minutes

Problem 23: Population of a town

P =20000e¥1 and P(4)=24000: ¢4k=1.2, so k=12120.04558.
P(10)=20000-1.210/% = 20000-1.22 5 a4 20000( 15774 4) = 31548.8.

About 31,550 residents

Problem 24: Medicine in the bloodstream

=

' =B0e—0.21, Set E0e—0.21=10: e—0.21=
—0.2t =—In%, so tzlun_—gmg_ga

About 8.05 hours
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